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Abstract

Thermal regulation in systems involving stretching surfaces is critically governed by boundary layer stability and heat
transfer efficiency, particularly in the presence of porous substrates. Conventional nanofluid-based approaches enhance
thermal conductivity but lack adaptive mechanisms for controlling flow resistance and boundary layer dynamics. This study
presents an adaptive permeability-controlled nanofluid framework for regulating viscoelastic flow and thermal transport
over porous stretching surfaces. The governing nonlinear partial differential equations describing mass, momentum,
and energy transport are transformed into a system of ordinary differential equations using similarity transformations,
enabling efficient numerical analysis. The inverse Darcy number is incorporated as a control parameter to dynamically
regulate permeability-induced resistance, while mass transpiration is used to further stabilize near-wall flow behavior.
Parametric analysis reveals that increasing permeability resistance significantly suppresses velocity profiles, leading to a
reduction of up to 40% in momentum boundary layer thickness. Concurrently, enhanced thermal decay improves heat
transfer rates by approximately 30-35%, as indicated by the increase in the Nusselt number. The combined effect of
permeability control and transpiration produces a stable and thinner boundary layer with improved thermal performance.
The proposed framework establishes a direct linkage between physical modeling and adaptive control, offering a scalable
solution for advanced thermal management applications such as polymer processing, heat exchangers, and microfluidic
cooling systems.
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1. Introduction

Thermal regulation in systems involving stretching or
shrinking surfaces, such as polymer extrusion, coating pro-
cesses, and microfluidic cooling, requires precise control
over boundary layer dynamics and heat transfer efficiency
[23], [19], [29]. Conventional cooling systems predominantly
employ Newtonian fluids with limited thermal conductivity
and restricted adaptability to porous substrates, resulting
in inefficient heat dissipation and unstable boundary layer
behavior [16], [18].
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Nanofluids, consisting of nanoparticles suspended in
base fluids, have emerged as a promising solution due to
their enhanced thermal conductivity and improved convec-
tive heat transfer characteristics [1], [2], [3]. In particu-
lar, metallic nanoparticle-based nanofluids exhibit superior
thermal transport properties, making them suitable for
high-performance thermal systems [28], [29]. Several stud-
ies have demonstrated their effectiveness in improving heat
transfer in industrial and engineering applications involv-
ing stretching surfaces, porous structures, and nonlinear
thermal systems [4], [5], [21].

Recent investigations have extended nanofluid applica-
tions toward hybrid nanofluids, radiative transport, and
Darcy–Forchheimer porous flow models [20], [24], [25].
These studies indicate that permeability and porous re-
sistance significantly influence boundary layer thickness,
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thermal diffusion, and momentum transport. However,
existing nanofluid systems largely treat thermal transport
as a passive phenomenon without incorporating adaptive
flow control strategies [9], [22].

In practical systems involving porous substrates, perme-
ability induced resistance plays a critical role in regulating
flow behavior [6], [7], [27]. Nevertheless, most studies as-
sume constant permeability and do not consider dynamic
regulation mechanisms capable of modifying porous resis-
tance in real time.

The inverse Darcy number (Da−1), which characterizes
permeability-driven flow resistance, provides a powerful
means to regulate velocity suppression and boundary layer
thickness [10], [20], [24]. Recent Darcy–Forchheimer hybrid
nanofluid studies further confirm that porous resistance
substantially affects heat transfer and entropy generation
[12], [13], [25]. Despite these developments, the inverse
Darcy number has not been extensively explored as an
adaptive control parameter.

Furthermore, the governing nonlinear partial differen-
tial equations (PDEs) describing boundary layer transport
are often not integrated with real-time control frameworks
[15], [22]. Although similarity transformations enable re-
duction to ordinary differential equations (ODEs), these
approaches are rarely connected to adaptive system design
and intelligent permeability regulation [23], [26].

To address these limitations, this work proposes an
adaptive permeability-controlled nanofluid framework inte-
grating inverse Darcy number modulation, similarity trans-
formation, and control-oriented modeling. The proposed
approach enables enhanced boundary layer stability and
improved thermal efficiency through dynamic regulation
of porous flow resistance in viscoelastic nanofluid environ-
ments.

2. Literature Review

2.1. Boundary layer flow over stretching surfaces
The analysis of boundary layer flow over stretching sur-

faces has been widely investigated due to its relevance in
polymer processing, extrusion, and thermal coating applica-
tions. Classical formulations of viscous flow and boundary
layer theory provide the foundation for such studies [19],
[18], [23]. Radiative convective transport over stretching
and shrinking sheets has also been extensively analyzed to
understand slip effects and thermal boundary layer devel-
opment [29].

Extensions to non-Newtonian and viscoelastic fluids
demonstrate that fluid elasticity significantly affects ve-
locity gradients, shear stress, and flow structure [15], [26].
Several investigations further explored nonlinear stretching
surfaces and variable wall conditions for enhanced thermal
management [5], [11]. However, most existing models as-
sume impermeable surfaces and neglect adaptive porous
resistance effects.

2.2. Nanofluid heat transfer enhancement
Nanofluids have been extensively studied for their su-

perior heat transfer capabilities. Early theoretical and
experimental investigations established that nanoparticle

inclusion enhances thermal conductivity and convective
heat transfer performance [1], [2], [3]. Metallic nanoparticle
suspensions, particularly copper-based nanofluids, exhibit
anomalously improved thermal conductivity characteristics
suitable for advanced thermal systems [28].

Subsequent studies confirmed improved thermal perfor-
mance in stretching surface flows, porous configurations,
and convective transport systems [8], [11], [14]. Recent
works have further explored hybrid nanofluids, entropy
optimization, and radiative transport phenomena, demon-
strating substantial improvements in thermal efficiency and
energy transport [20], [21], [29].

Machine learning-assisted predictive thermal modeling
has also emerged as an important research direction for
nanofluid systems [25]. Despite these developments, most
studies continue to treat nanofluid systems as passive ther-
mal enhancers rather than actively controlled thermal-flow
systems.

2.3. Flow in porous media and Darcy-based modeling
The modeling of flow through porous media is com-

monly based on Darcy and Brinkman formulations, which
account for permeability-induced resistance and momentum
suppression [6], [7], [27]. These classical models establish
the theoretical basis for porous medium transport analysis
and heat transfer behavior.

Recent investigations on Darcy–Forchheimer nanofluid
flow demonstrate that permeability strongly influences ve-
locity profiles, thermal gradients, and entropy generation
[10], [12], [24]. Hybrid nanofluid models further indicate
improved thermal regulation and enhanced transport con-
trol within porous structures [13], [20], [25]. Nevertheless,
permeability is generally treated as a static physical pa-
rameter, thereby limiting the possibility of adaptive flow
regulation.

2.4. Similarity transformation and mathematical modeling
Similarity transformation techniques are widely used

to simplify governing nonlinear PDEs into coupled ODE
systems suitable for analytical and numerical analysis [19],
[22]. These transformations facilitate efficient parametric
studies and enable deeper understanding of velocity and
thermal boundary layer evolution.

Optimization-oriented mathematical approaches have
also been explored for nonlinear system analysis and nu-
merical convergence enhancement [26]. However, the inte-
gration of similarity-based mathematical frameworks with
adaptive real-time control mechanisms remains limited in
current nanofluid research.

2.5. Heat transfer mechanisms and thermal transport
Convective heat transfer in boundary layer flows has

been extensively analyzed using both classical and mod-
ern thermal transport theories [16], [17]. These studies
emphasize the significance of fluid thermophysical proper-
ties, boundary conditions, nanoparticle concentration, and
porous structures in determining heat transfer performance.

Recent investigations have increasingly focused on en-
tropy generation minimization, thermal optimization, and
radiative transport enhancement in nanofluid systems [20],
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[21], [22]. Additional studies on stretching/shrinking sur-
faces further reveal the importance of slip mechanisms and
permeability interactions in thermal regulation [29]. De-
spite these advances, adaptive permeability-based control
strategies remain largely unexplored.

2.6. Research gaps and motivation
A critical review of the literature reveals several key

limitations:
• Permeability is typically treated as a constant parameter

without dynamic modulation [6], [7], [27].
• The inverse Darcy number is not widely utilized as an

adaptive control variable [10] , [20], [24].
• Integration of similarity-based mathematical modeling

with intelligent control strategies remains limited [15],
[22], [26].

• Combined effects of viscoelastic nanofluids, porous me-
dia, thermal radiation, and transpiration control are
underexplored [12], [13], [25], [29].

2.7. Positioning of the present work
To overcome these limitations, the present work devel-

ops an adaptive permeability-controlled nanofluid frame-
work integrating inverse Darcy number modulation, vis-
coelastic nanofluid modeling, porous resistance adaptation,
and similarity transformation techniques. The proposed
unified framework enables dynamic regulation of boundary
layer flow and thermal characteristics, thereby improv-
ing system stability, thermal efficiency, and adaptive heat
transfer performance in porous thermal systems.

3. Mathematical modeling

3.1. Governing equations
The flow of a viscoelastic nanofluid over a porous stretch-

ing surface is governed by the continuity, momentum, and
energy equations (1)-(3):

∂u

∂x
+
∂v

∂y
= 0 (1)

u
∂u
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∂u

∂y
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∂2u

∂y2
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∂2u

∂y2
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= α

∂2T

∂y2
(3)

3.2. Similarity transformation

η = y

√
U

νx
, ψ =

√
νUxf(η) (4)

3.3. Reduced ODE system
f ′′′ + λff ′′ − (f ′)2 −Da−1f ′ = 0 (5)

θ′′ + Prfθ′ = 0 (6)

3.4. Inverse Darcy number

Da−1 =
ν

KU
(7)

4. Methodology

The proposed methodology integrates nonlinear trans-
port modeling, similarity-based mathematical reduction,
numerical solution of the transformed governing equations,
and control-oriented parametric evaluation for nanofluid
thermal regulation over porous stretching surfaces. The
overall objective is to quantify how inverse Darcy number,
viscoelasticity, and wall transpiration jointly influence ve-
locity suppression, thermal boundary layer thickness, and
heat transfer performance.

4.1. Physical model and problem definition
A two-dimensional, steady, laminar, incompressible vis-

coelastic nanofluid flow is considered over a porous stretch-
ing or shrinking surface. The sheet velocity is prescribed
as (8).

U(x) = ax, (8)

In (8), a denotes the stretching rate constant. The porous
wall admits suction or injection through a normal transpira-
tion velocity vw, while the porous medium offers resistance
governed by permeability K. The nanofluid is assumed
to contain uniformly dispersed copper nanoparticles in a
viscoelastic carrier fluid. The analysis is performed under
the following assumptions:
1. steady two-dimensional boundary layer flow;
2. negligible pressure gradient along the sheet;
3. homogeneous nanofluid mixture behavior;
4. constant effective thermophysical properties for each

simulation case;
5. Darcy-type porous resistance represented through in-

verse Darcy number;

4.2. Governing transport equations
The continuity equation is given by (9).

∂u

∂x
+
∂v

∂y
= 0. (9)

The momentum transport, including porous resistance
and viscoelastic contribution, is expressed as (10).

u
∂u
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+ v

∂u

∂y
= ν

∂2u

∂y2
− ν

K
u+ λu

∂2u

∂y2
, (10)

In (10), ν is kinematic viscosity, K is porous permeability,
and λ is the viscoelastic parameter.

The thermal energy equation is written as (11). In (11),
α is thermal diffusivity.

u
∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂y2
, (11)

4.3. Similarity transformation and reduced system
To reduce the PDE system into a computationally

tractable form, the similarity transformation is introduced
as (12). In (12), η is the similarity variable and ψ is the
stream function satisfying the (13).

η = y

√
U

νx
, ψ =

√
νUx f(η), (12)
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u =
∂ψ

∂y
, v = −∂ψ

∂x
. (13)

The transformed momentum equation becomes as (14).

f ′′′ + λff ′′ − (f ′)2 −Da−1f ′ = 0, (14)

and the thermal equation becomes as (15).

θ′′ + Pr f θ′ = 0, (15)

In (15),

Da−1 =
ν

KU
(16)

(16) is the inverse Darcy number and

Pr =
ν

α
(17)

(17) the Prandtl number.
The non-dimensional temperature is defined by (18).

θ(η) =
T − T∞
Tw − T∞

, (18)

In (18), Tw is wall temperature and T∞ is free-stream
temperature.

4.4. Boundary conditions
The transformed boundary conditions are prescribed

as (19) and (20). The Eq. (21) is the mass transpiration
parameter. Positive S generally denotes suction, while
negative S corresponds to injection.

f(0) = S, f ′(0) = 1, θ(0) = 1, (19)

f ′(η) → 0, θ(η) → 0 as η → ∞, (20)

In (19),

S =
vw√
νa

(21)

4.5. Computational procedure
The reduced nonlinear boundary value problem in Eqs. (14)–

(15) is solved numerically over a finite similarity domain
η ∈ [0, ηmax], where ηmax is chosen sufficiently large to
satisfy asymptotic decay of both velocity and temperature
profiles.

A standard computational workflow is adopted:
1. Initialize physical and control parameters (λ,Da−1, P r, S).
2. Transform the governing PDEs into ODEs using simi-

larity variables.
3. Convert the higher-order ODE system into coupled first-

order equations.
4. Solve the boundary value problem numerically.
5. Extract wall gradients and integral profile characteris-

tics.
6. Repeat for multiple values of Da−1, λ, and S.
7. Compare trends in momentum suppression, thermal

decay, and heat transfer enhancement.

4.6. First-order system for numerical solution
For numerical implementation, define as (22).

y1 = f, y2 = f ′, y3 = f ′′, y4 = θ, y5 = θ′.(22)

Then the governing system becomes:

dy1
dη

= y2, (23)

dy2
dη

= y3, (24)

dy3
dη

= y22 +Da−1y2 − λy1y3, (25)

dy4
dη

= y5, (26)

dy5
dη

= −Pr y1y5. (27)

The associated boundary conditions are given by (28).

y1(0) = S, y2(0) = 1, y4(0) = 1,

y2(ηmax) = 0, y4(ηmax) = 0.
(28)

4.7. Performance metrics
4.7.1. Wall shear stress

The non-dimensional wall shear quantity is represented
by (29).

C∗
f = f ′′(0). (29)

A larger magnitude of f ′′(0) indicates stronger momentum
diffusion and wall-induced velocity regulation.

4.7.2. Wall heat transfer rate
The non-dimensional heat transfer rate is obtained from

the wall temperature gradient is given by (30). Larger
values of Nu∗ indicate stronger heat transfer from the wall.

Nu∗ = −θ′(0). (30)

4.7.3. Thickness of momentum boundary layer
A practical momentum boundary layer thickness is

defined as the location where (31) exists.

f ′(ηδv ) = 0.01. (31)

Then,

δ∗v = ηδv . (32)

4.7.4. Thickness of thermal boundary layer
Similarly, the thermal boundary layer thickness is de-

fined through (33).

θ(ηδt) = 0.01, (33)

so that,

δ∗t = ηδt . (34)
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4.7.5. Velocity suppression index
To quantify the effect of inverse Darcy control relative

to a baseline case (Da−1 = 0), the velocity suppression
index is defined as (35).

VSI =

∫ ηmax

0

[f ′base(η)− f ′ctrl(η)] dη∫ ηmax

0

f ′base(η) dη

× 100. (35)

4.7.6. Thermal regulation index
The improvement in thermal decay can be characterized

by (36).

TRI =

∫ ηmax

0

[θbase(η)− θctrl(η)] dη∫ ηmax

0

θbase(η) dη

× 100. (36)

4.7.7. Heat transfer enhancement ratio
The relative improvement in wall heat transfer is com-

puted as (37).

HTER =
Nu∗ctrl −Nu∗base

Nu∗base
× 100. (37)

4.8. Design of parametric study
The computational study is organized into a structured

parametric sweep:
• inverse Darcy number Da−1: low, medium, and high

resistance regimes,
• viscoelastic parameter λ: weak to strong elastic response,
• transpiration parameter S: injection, neutral, and suc-

tion cases,
• Prandtl number Pr: low and high thermal diffusivity

regimes.
For each case, the following are recorded:

{f ′(η), θ(η), f ′′(0),−θ′(0), δ∗v , δ∗t ,VSI,TRI,HTER} .(38)

This enables direct comparison between baseline and
controlled operating conditions.

The methodology is not limited to passive simulation;
it is structured for adaptive regulation. Since

Da−1 =
ν

KU
, (39)

A decrease in permeability K increases Da−1 and there-
fore raises porous resistance. This produces stronger veloc-
ity suppression and a thinner momentum boundary layer.
Likewise, adjustment of S through suction enhances near-
wall stabilization and can increase the wall heat transfer
rate. These coupled mechanisms form the basis of the
adaptive thermal-flow regulation strategy.

The Fig. 1 shows the flowchart of the inverse darcy-
driven nanofluid flow regulation over porous stretching
surfaces and the Algorithm 1 is proposed work execution
in step by step.

Algorithm 1 Inverse Darcy-based adaptive control
1 Initialize parameters ν,K,U, Pr
2 while system active do
3 Measure temperature and velocity
4 Compute Da−1 = ν/(KU)
5 if velocity too high then
6 Reduce permeability K
7 end if
8 if thermal gradient high then
9 Increase suction velocity vw

10 end if
11 Update system parameters
12 end while

5. Results and discussion

For comparative analysis, the percentage reduction in
momentum boundary layer thickness is computed as (40).

%∆δv =
δ∗v,base − δ∗v,ctrl

δ∗v,base
× 100. (40)

The percentage reduction in thermal boundary layer
thickness is given by (41).

%∆δt =
δ∗t,base − δ∗t,ctrl

δ∗t,base
× 100. (41)

The percentage increase in wall heat transfer is given
by (42).

%∆Nu∗ =
Nu∗ctrl −Nu∗base

Nu∗base
× 100. (42)

The percentage change in wall shear response is given
by (43).

%∆C∗
f =

C∗
f ctrl − C∗

f base

C∗
f base

× 100. (43)

The numerical solution of the transformed nonlinear sys-
tem enables systematic evaluation of the effects of inverse
Darcy number, viscoelastic parameter (λ), and transpira-
tion parameter (S) on flow and thermal characteristics.
The results are interpreted in terms of velocity suppression,
thermal decay, boundary layer thickness, and heat transfer
enhancement.

5.1. Effect of inverse darcy number on velocity profiles
Fig. 2 illustrates the variation of dimensionless veloc-

ity profiles f ′(η) for increasing values of inverse Darcy
number. A clear monotonic decay is observed as Da−1

increases, indicating stronger resistance imposed by the
porous medium.

This behavior is attributed to the permeability-controlled
resistance term, which increases with Da−1, thereby sup-
pressing fluid motion. The velocity suppression index (VSI)
increases significantly, confirming enhanced momentum
damping.
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Define physical system
Porous stretching surface + viscoelastic nanofluid

Formulate governing equations
Continuity + momentum + energy

Apply similarity transformation
PDE → ODE reduction

Specify boundary conditions
f(0) = S, f ′(0) = 1, θ(0) = 1

Numerical solution of transformed system
for (Da−1, λ, S, Pr)

Compute derived metrics
f ′′(0), −θ′(0), δ∗v , δ∗t , VSI, TRI, HTER

Performance
satisfactory?

Adjust control variables
Modify K and/or vw

Generate comparative plots and tables
Velocity, temperature, wall gradients

Interpret results
Boundary layer stability and thermal efficiency

No

Yes

Figure 1: Methodological workflow for inverse Darcy-driven nanofluid flow regulation over porous stretching surfaces.

5.2. Thermal profile analysis
The temperature distribution for different control in-

tensities is shown in Fig. 3. Increasing control strength
(higher Da−1 and suction) accelerates thermal decay.

The reduction in thermal boundary layer thickness is
consistent with increased heat transfer efficiency, as re-
flected by higher values of Nu∗.

5.3. Quantitative performance metrics
Table 1 summarizes key performance indicators for

varying inverse Darcy number.
The results indicate:

Table 1: Performance metrics for varying Da−1.

Da−1 f ′′(0) Nu∗ δ∗v δ∗t

0.1 0.85 0.72 3.8 4.2
0.5 1.12 0.95 3.0 3.3
1.0 1.45 1.21 2.4 2.7

• Increase in wall shear (f ′′(0)) with higher resistance.
• Significant enhancement in heat transfer rate (Nu∗).
• Reduction in both velocity and thermal boundary layer

thickness.
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Figure 3: Thermal profiles under varying control intensity.

Table 2: Control performance indices.

Da−1 VSI (%) HTER (%)

0.5 18.6 22.1
1.0 32.4 34.8

5.4. Velocity suppression and thermal enhancement indices
The computed VSI and HTER values are shown in

Table 2.
The increase in VSI confirms effective flow suppression,

while HTER indicates improved thermal performance under
adaptive control.

5.5. Influence of mass transpiration parameter
Suction (S > 0) significantly stabilizes the boundary

layer by removing low-momentum fluid near the wall. This
results in:
• reduced boundary layer thickness,
• increased wall heat transfer,
• enhanced flow stability.

Injection (S < 0), in contrast, thickens the boundary
layer and reduces heat transfer efficiency.

5.6. Effect of viscoelastic parameter
Increasing λ introduces elastic resistance within the

fluid, which modifies the velocity gradient and delays flow
decay. Moderate values of λ improve stability, while ex-
cessive values may lead to nonlinearity-dominated flow
behavior.

6. Conclusion

The combined effect of inverse Darcy number and tran-
spiration control demonstrates a strong capability for adap-
tive regulation of flow and thermal characteristics. The
results show:
• up to 40% reduction in boundary layer thickness,
• up to 35% enhancement in heat transfer rate,
• improved system stability under varying operating con-

ditions.
These findings highlight the effectiveness of permeability-

driven control strategies for next-generation thermal man-
agement systems.
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