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Abstract

Intuitionistic fuzzy graph labeling is a useful approach for describing uncertainty based on membership (MS) and
non-membership (NMS) values. This work studies Intuitionistic Fuzzy Cube Difference Labeling (IFCDL) on ladder-based
graphs and corona products. Explicit labeling techniques are designed for ladder graphs, open ladder graphs, slanting
ladder graphs, circular ladder graphs, and Mobius ladder graphs. It is demonstrated that these graphs permit Intuitionistic
Fuzzy Cube Difference Graphs (IFCDGs) by assigning distinct MS and NMS values within the range of [0, 1] . The
suggested framework is adaptable to different graph products and complicated network models, with potential applications

in decision-making, communication networks, and uncertainty-based systems.
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1. Introduction

Graph labeling plays an important role in graph the-
ory with applications in communication networks, coding
theory, and network design. To handle uncertainty in real-
world systems, fuzzy graph theory extends classical graph
theory. The concept of intuitionistic fuzzy sets introduced
by Krassimir T. Atanassov incorporates both membership
and non-membership degrees, providing a flexible frame-
work for modeling uncertainty [1], [2]. Intuitionistic fuzzy
graphs and their structural properties have been widely
investigated in the literature [3|, [4]. Intuitionistic fuzzy
labeling assigns suitable membership and non-membership
values to vertices and edges under certain conditions [8].
Cube difference labeling is a structured labeling technique
with strong arithmetic properties. Its extension to the
intuitionistic fuzzy environment leads to IFCDL [12]- [15].
In this work, we study IFCDL on the corona product of lad-
der graphs and their variants and prove that these graphs
admit intuitionistic fuzzy cube difference graphs.
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2. Preliminaries

This section introduces fundamental concepts and def-
initions essential for the discussion of specialized graph
labelings [5]- [7]. A clear understanding of these prelim-
inaries is crucial for the development and analysis of the
new labeling techniques presented in this paper [9]- [11].

2.1. Definition

For graphs G and H, the corona product G ® H is
obtained by taking one copy of graph G and |V (G)| copies
of graph H and joining each vertex of the i*" copy of graph
H to the i*" vertex of the graph G, where 1 <i < |[V(G)|.

2.2. Definition

The Cartesian product of P, and K> is called a ladder
graph and is denoted as L,,. (i.e.) L, = P, x K».

2.8. Definition

An open ladder is obtained from a ladder by removing
the edges v;u; and vyu, and is denoted by O(Ly,).
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2.4. Definition

A slanting ladder SL,, is the graph obtained from two
paths of length n say P, = (u1,us,us,...,u,) and P, =
(v1,v2,v3,...,U,), by joining w41y to v; fori =1ton—1
or joining u;v(;41) for ¢ =1 to n — 1. It is isomorphic to
Z — P,

2.5. Definition

A circular ladder graph denoted by C'L,, is obtained by
joining parallel vertices of two cycles of the same length.

2.6. Definition

A Mobius ladder graph M L,, is a graph obtained from
the ladder graph L, by adding the edges uiv, and viu,.
We denote it as M L,, for clarity, though it is earlier denoted
as M,,.

2.7. Definition

If O(ay) - Vx — [07 1],U(a2) Vx — [0, 1]7 and H(ay) *
Vx xVx — [0, 1]7/1'(042) Vx x Vx — [0, 1], then an IFG
G = (Vx, 04, lta) is considered an intuitionistic fuzzy la-
beling graph (IFLG) if it is bijective. In the sense that the
vertices and edges have different MS and NMS values, and
fi(ar) Vi, v5) < min{o(a,) (i), 0(a1) (V) }, figay) Vi, v5) <
max{a(az)(vi)a O(az) (vj>}7 0< H(ar) (Uiv Uj)+M(a2) (Ui? vj) <
1 for each edge (v;,v; ).

3. Result and discussions

3.1. Definition

An IFG G = (V, 04, o) is said to be an Intuitionistic
Fuzzy Cube Difference Labeling Graph (IFCDLG) if it is an
Intuitionistic Fuzzy Labeling Graph (IFLG) and satisfies
the following conditions,

Han) (s 01) = |00 (1s)® = O (ay) (00)°], hi(ay) (us, ve) =
‘O—(az)(us)‘g*o'(az)(vt)ﬂﬂ 0< :U'(a1)(u87Ut)+ﬂ(a2)(usvvt) <1
for each (us,v;) € E are all distinct.

The term IFCDLG refers to a graph that is an IFCDL.

3.2. Theorem

L, ® K admits an IFCDG.

Proof: Let G = L,, ® K1 be the 4n vertex provided
graph. By adding a new vertex to each vertex of L,,, the
graph G is created.

Let {v; : 1 < i < n} be the vertices on one side of L,
and {u; : 1 <14 < n} be the vertices on the other side of L,,.

Let a',a?,...,a™ be the n new vertices attached to the
corresponding n vertices v; (1 <4 < n), and b, b%,... "
be the n new vertices attached to the corresponding n
vertices u; (1 < i < n), respectively.

Examine the edge functions gy and ps from each pair
of vertices in V' to an MS and NMS value between 0 and 1,
as well as the vertex functions oy and oy from the vertex
V to an MS and NMS value between 0 and 1.

Choose the MS value wy — (0,1] such that w; = 1072
for n < 99, w; = 10~% for 100 < n < 999, w; = 1076 for
1000 < n <9999 and so on.

Choose the NMS value wy — (0,1] such that wy = 1073
for n < 999, wy = 1072 for 1000 < n < 9999, wy = 107
for 10000 < n < 999999 and so on.

The labels assigned to the MS value of vertices and
edges are,

01(%‘):1*(«01, 1<i<n

o1(w;) = (n+1) *xw, 1<

o1(a’) = (2n + 1) * wy, 1< S

o1(bY) = (3n + i) x wy, 1<i<n

p1(vive) = 7% wj

p1(vivig1) = (6 wii) + pa(vis1vs),  2<i<n-—1

‘LL1(7.L1U2) (3n2 +9n + 7) * wff

p1 (Wi ti—(n—1)) = (6% wi) + p1 (ui—1us), n+2<i<

n—1

1 (wivy) = nn? + 31(71 +1i)] * f, 1<i<

1 (u;b) = 2n (13n +12ni + 3i%) * w3, 1<i<n
p1(via) = (8n3 + 12n2i + 6ni) * w3, 1<i<n

The labels assigned to the NMS value of vertices and
edges are,
09(vi) = 1 % wa,

( ) (n + ) * Wy,
(a®) = (2n + 1) * wo, 1<
(b°) = (3n + 1) * wa, 1<
po(v1ve) = 7 % wi
p2(vivies) = (6 w3i) + p2(vi-1v;),
2 (U1U2) (3n +9n + 7) * wg
fr2 (Uimn i (n—1)) = (6% wii) + po(ui—1us),

= n[n® + 3i(n + )] » w,
=2n (13n +12m—|—322)*w2,
) (8n3 + 12n%i + 6ni) * w3,

The MS and NMS values of the vertices and edges are
distinct. This labeling obeys the conditions of IFCDL.
Thus, L, ® K; is an IFCDG.

8.8. Example
The following Figure 1 illustrates the IFCDG of L; ® K.

(0.11, 0.011) (0.12,0.012) (0.13,0.013) (0.14, 0.014) (0.15, 0.015)

(0.01, 0.001) (0.02,0.002) (0.03, 0.003) (0.04, 0.004) (0.05, 0.005)

(0.06, 0.006) (0.07,0.007) (0.08,0.008) (0.09,0.009) (0.10, 0.010)

(0.16, 0.016) (0.17,0.017) (0.18,0.018) (0.19,0.019) (0.20,0.020)

Figure 1: IFCDG for Ly ® K3
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3.4. Theorem

OL,, ® K1 admits an intuitionistic fuzzy cube difference
graph.

Proof: Let G = OL,, ® Ky be the corona of an open
ladder graph. Let {v; : 1 <i < n} be the vertices on one
side of OL,, and {u; : 1 < i < n} be the vertices on the
other side of OL,,. The G is obtained by attaching one
new vertex to every open ladder graph OL,,.

Let a',a?,...,a" be the n new vertices attached to the
corresponding n vertices v; (1 <1 < n) and b%,b2,...,b"
be the n new vertices attached to the corresponding n
vertices u; (1 <14 < n), respectively.

Examine the edge functions p1 and po from each pair
of vertices in V' to an MS and NMS value between 0 and 1,
as well as the vertex functions o; and o5 from the vertex

V to an MS and NMS value between 0 and 1.

Choose the MS value wy — (0,1] such that w; = 1072
for n < 99, w; = 107% for 100 < n < 999, w; = 1075 for
1000 < n < 9999 and so on.

Choose the NMS value wy — (0, 1] such that wy = 1073
for n < 999, wy = 1072 for 1000 < n < 9999, wy = 107
for 10000 < n < 999999 and so on.

The labels assigned to the MS value of vertices and
edges are,
o1 (v z)=2*w17 1<i<
w;) = (n+1) *wr, 1
) = (2n +1) * wy,

n
<i<n

(

(

(b") = (3n+1) * w1,
p1(vive) = 7 x wj

( :(G*wi”i)Jr,ul(vi_lvi), 2§z§n71

( =3n?+9In+7)*xw

= (6xwi) + p2(ui—1u;), n+2<i<

Hl(ui—nuz (n— 1))
2<i<n-1
1<i<n
1<i<n

[n + 3z(n +1)] * w3,
(13n + 12ni + 3i%) * w?,
(8n +12n2%i + 6ni) * w3,

The labels assigned to the NMS value of vertices and
edges are,

ag(vl):z*wg, 1<i<n

oa(u;) = (n +1) * wa, 1<i<n

oa(a’) = (2n + 1) * we, 1<i<n

oa(b) = (3n + i) * wa, 1<i<n

po(v1ve) = 7 % wi

pr2(vivig1) = (6 % wii) 4 pa(vi_1v;), 2<i<n—1
po(uiug) = (3n% +9n +7) * w3

M?(uz nuzf(nfl)) = (G*ng)+ﬂ2(ui—lui)a n+2 <1<
n—1

po(uiv;) = nn? + 3i(n + )] * %, 2<i<n-1
po(u;b?) = 2n(13n? 4+ 12ni + 3i?) * w3, 1<i<n
pa(vial) = (8n3 4+ 12n2i + 6ni) * w3, 1<i<n

The MS and NMS values of the vertices and edges are
distinct.
Thus, the OL,, ® K7 graph is an IFCDG.

This labeling obeys the conditions of IFCDL.

3.5. Example
Figure 2 illustrates the IFCDG of OLs ® Kj.

(0.11,0.011) (0.12,0.012) (0.13,0.013) (0.14,0.014)

(0.15, 0.015)

(0.01, 0.001) (0.02, 0.002) (0.03, 0.003) (0.04, 0.004) (0.05,0.005)

(0.06, 0.006) (0.07,0.007) (0.08, 0.008) (0.09, 0.009) (0.10, 0.010)

(0.16, 0.016) (0.17,0.017) (0.18, 0.018) (0.19, 0.019) (0.20, 0.020)

Figure 2: IFCDG for OLs ® K1

3.6. Theorem

SL, ® Ky admits an IFCDG.

Proof: Let G = SL,, ® K1 be the given graph.
Let {v; : 1 < i < n} be the vertices on one side of the
slanting ladder and w; (1 <14 < n) be the vertices on the
other side of the slanting ladder, and each v; is adjacent to
Uip1 for 1 <i<n—1.

The graph G is obtained by attaching one new vertex
to every slanting ladder graph SL,.
Let a',a?,...,a™ be the n new vertices attached to the
corresponding n vertices v; (1 <i < n) and b, 0%, ..., b"
be the n new vertices attached to the corresponding n
vertices u; (1 < ¢ < n), respectively.

Examine the edge functions pq and us from each pair
of vertices in V' to an MS and NMS value between 0 and 1,
as well as the vertex functions o1 and o9 from the vertex
V to an MS and NMS value between 0 and 1.

Choose the MS value w; — (0, 1] such that w; = 1072
for n < 99, w; = 107% for 100 < n < 999, w; = 1075 for
1000 < n <9999 and so on.

Choose the NMS value wy — (0,1] such that wy = 1073
for n < 999, wy = 1072 for 1000 < n < 9999, wy = 10~7
for 10000 < n < 999999 and so on.

The labels assigned to the MS value of vertices and
edges are,

Ul(vi):z*wh 1<i<n

o1(u;) = (n+1) * w, 1<i<n

o1(a’) = (2n+1) x wy, 1<i<n

o1(b)) = (3n + i) * wy, 1<i<n

p1(vive) = 7 x wi

‘LLl(U vi+1):(6*w§i)+u1(vi_1vi), 2§z§n71
p1(uiug) = (3n% +9n +7) * w}

pi1 (Uit (1)) = (6% w?i) + po(ui—1us), n+2<i<
n—1

p1(uivisr) = (n® =14 3i[i(n — 1) + (n? —1)]) xw?, 1<
i<n-—1

pa(wib?) = 2n(13n2 + 12ni + 3i?) * w3,
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p1(viat) = (8n3 + 12n2i + 6ni) * w3, 1<i<n
The labels assigned to the NMS value of vertices and
edges are,

o2(vi) =i * wa, 1<i<
(ui) = (n +1) * wa, 1
(a®) = (2n + 1) * wo,
(0") = (3n + i) * wo,

po(v1ve) = 7 % wi

p2(vivig1) = (6 % wii) 4 pa(vi_1v;), 2<i<n-—-1
( (3n% +9n +7) x w3
(6% w37) + po (ui—1 i),

p2(urug) =
//42(“1 nuzf(nfl)) =
n—1
p2(uivip1) =
1 <n—1
po(u;b?) = 2n(13n2 + 12ni + 3i2) * w3,
pe(viat) = (8n® + 12n2i + 6ni) * w3,

n+2<:<

(n® =14 3i[i(n—1) + (n* = 1)]) #w3,

The MS and NMS values of the vertices and edges are
distinct. This labeling obeys the conditions of IFCDL.
Thus, the SL,, ® K; graph is an IFCDG.

3.7. Example

The following Figure 3 illustrates the IFCDG of SL; ®
K.

(0.11, 0.011) (0.12, 0.012) (0.13, 0.013) (0.14, 0.014) (0.15, 0.015)
[ ) [ ) @
(0.01, 0.001) (0.02, 0.002) (0.03, 0.003) (0.04,0.004) (0.05,0.005)
(0.06, 0.006) (0.07,0.007) (0.08, 0.008) (0.09, 0.009) (0.10, 0.010)
[ ] O [ ]
(0.16, 0.016) (0.17,0.017) (0.18, 0.018) (0.19, 0.019) (0.20, 0.020)
Figure 3: IFCDG for SLs ® K1
3.8. Theorem
CL, ® K7 admits an IFCDG.
Proof: Let G = CL,, ® K1 be a graph.
Let V(CL, ® K1) = {vi,u;,a’,b* : 1 <i < n} and
E(CL, ® K1) = {viviq1, willit1, viug, viat, v;b* : 1 < i <

n} U {vivp,, uguy,}.

Examine the edge functions p; and ps from each pair
of vertices in V' to an MS and NMS value between 0 and 1,
as well as the vertex functions oy and oy from the vertex
V to an MS and NMS value between 0 and 1.

Choose the MS value w; — (0,1] such that w; = 1072
for n < 99, w; = 10~* for 100 < n < 999, wy = 1079 for
1000 < n <9999 and so on.

uch that wy = 1073
<9999, wy, = 10~ 7

Choose the NMS value wy — (0,1] s
for n < 999, we = 107> for 1000 < n <

123

for 10000 < n < 999999 and so on.
The labels assigned to the MS value of vertices and edges

)=1i 1<i<n,
o1(w;) = (n+1) *xw, 1<i<n,
o1(a’) = (2n + 1) * wy, 1<i<n,
o1(b) = (3n + i) x wy, 1<i<n.
pa(vive) = 7wy,
p1(vivig1) = (6% wii) + pa(vic1vg),  2<i<n—1,
p(v1vy) = (n® = 1) x wi,
pa(uruz) = (3n% +9n +7) * w3,
p1 (Ui nti—(n_1y) = (6 % WPi) + p1 (Ui (ny1)Uin), T+
9<i<n—1,

w1 (uguy) = (7n3 —3n? —3n — 1) * W3,

1 (uiv;) = nln? +3@(n+ i)] * % 1<i<n,
ul(ub)*2n(13n +12ni + 3i%) * w3, 1<i<n,
pi1(viat) = (8n3 + 12n2i + 6ni) * w3, 1<i<n

The labels assigned to the NMS value of vertices and
edges are,

ag(vz):z*wg, 1<i<n,

u;) = (n+1) * wa, 1<i<mn,
a’) = (2n + i) * wy, 1<i<n,
bt) = (3n+z)*w2, 1<i<n.

<

02(
02(
0'2(
po(v1ve) = 7 % w,

p2(vivig1) = (6 % wii) + po(vi—1v;), 2<i<n-—1,
p2(vivn) = (n® — 1) * w3,

pa(

p2(

uruz) = (3n? +9n +7) * w3,

UimnUi—(n—1)) = (6%w3i) 4+ pa(ui—1u;), n+2<i<
n—1,
pa(uruy) = (7n —3n% —3n —1) x w3,
p2(uiv;) = nn? + 3z(n +14)] * wg’, 1<i<n,
pa(uib’) =2 (13n + 12n4 + 3i%) * w3, 1<i<n,
pa(vial) = (8n3 4+ 12n2%i + 6ni) * wi, 1<i<n

The MS and NMS values of the vertices and edges are
distinct. This labeling obeys the conditions of IFCDL.
Thus, the CL,, ® K7 graph is an IFCDG.

3.9. Example

The following Figure 4 illustrates the IFCDG of C'L; ®
K.

(0.11, 0.011) (0.12,0.012) (0.13,0.013) (0.14,0.014) (0.15, 0.015)
® O (] o O
(0.02,10.002) (0.03/0.003) (0.04,10.004)

(0.01, @
0.001) (0.05, 0.005)
(0.06, .%0.007) (0.08,0.008) (O'OQ'M. (0.10,
0.006) ® ® ® 0.010)
[ ] [ ] [ ] [ ] o
(0.16, 0.016) (0.17, 0.017) (0.18, 0.018) (0.19, 0.019) (0.20,0.020)

Figure 4: TFCDG for C'Ls ® K1
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3.10. Theorem

ML, ® K; admits an IFCDL.

Proof: Let G = ML, ® K; be a graph.
Let V(ML, ® K1) = {vi,u;,a’,b* : 1 <i <n} and
E(ML, ® K1) = {0ivi41, utiip1, v, via’, 00" 0 1 < i <
n} U {viun, u1v,}.

Examine the edge functions p; and po from each pair
of vertices in V' to an MS and NMS value between 0 and 1,
as well as the vertex functions oy and oy from the vertex
V to an MS and NMS value between 0 and 1.

Choose the MS value w; — (0,1] such that w; = 1072
for n < 99, w; = 107* for 100 < n < 999, wy = 1075 for
1000 < n <9999 and so on.

Choose the NMS value ws — (0, 1] such that we = 1073
for n < 999, wy = 107> for 1000 < n < 9999, ws = 1077
for 10000 < n < 999999 and so on.

The labels assigned to the MS value of vertices and
edges are,
(vv)—l*wl, 1<i<
u;) = (n+1) * wi, 1
a’) = (2n + 1) * wy,

n,
SS

7
<i<mn,
<i<n.

|/\ I/\

1
b') = (3n +14) * wr, 1
v1v2) = T * W3,
vivit1) = (6% wii) + Ml(vz 1Vi),
viu,) = [(2n)% — 1] xwf,

o1
o1(
o1 (
1 (
o
Eulug) =Bn2+9In+7)*ws,
(
(
(
(

2<i<n-—1,
"

[

Ui—nUi—(n—1)) = (6% W) + 11 (Ui (1) Ui—n), n+
<i<n-—1,

UIUy) = [3n(n—|— 1) + 1] * w3,
uv;) = n[n? + Sz(n +14)] % g’ n,
ub") *2n(13n +12ni + 3%) * w3, 1<i<mn,
viat) = (8n3 + 12n%i + 6ni) * w3,

The labels assigned to the NMS value of vertices and
edges are,

Ug(v,)—z*oJQ, 1<i<n,

oa(u;) = (n +1) * wa, 1<i<n,

o2(a') = (2n + 1) * wa, 1<i<n,

ao(bY) = (3n + 1) * wa, 1<i<n

p2(v1v2) = T Wi,

po(vivip1) = (G*wzi)+uz(vz 10i), 2<i<n-1,
pa(viuy) = [(Qn) — 1] * w3,

pa(uiuz) = (3n% +9n +7) * w3,

p2(UipUi—(n—1)) = (6 % w3i) + po(Ui—(ny1)Ui—n), N+
2<i1<n—1,

1 ulvn) [3n(n—|—1)+1]*w2,

u,bi) = 2n(13n + 1204 + 3i2) * w3,
a’) = (8n® + 12n%i + 6ni) * wi,

The MS and NMS values of the vertices and edges are
distinct. This labeling obeys the conditions of IFCDL.
Thus, the M L,, ® K7 graph is an IFCDG.

3.11. Ezample
Figure 5 illustrates the IFCDG of M L; ® K.

(0.11,0.011)  (0.12,0.012)  (0.13,0.013)  (0.14,0.014)  (0.15,0.015)
O O o ® [Z]
/___\
ﬁ 0.002) (0.03, 0.003) (0.08, m‘
(0.01, 0.001) @) O @) (0.05,0.005)
(0.07, 0.007) (0.08, 0.008) (0.09, 0.009)
(0.06, 0.006) ‘\Q (0.10, 0.010)
\—/
[ [ ([ ] [ J [ ]
(0.16,0.016)  (0.17,0.017)  (0.18,0.018)  (0.19,0.019)  (0.20, 0.020)

Figure 5: IFCDG for MLy ® K1
4. Conclusion

This paper investigated Intuitionistic Fuzzy Cube Differ-
ence Labeling for the corona product of ladder graphs and
their variants. Suitable membership and non-membership
labeling functions were constructed, and it was shown that
these graph classes admit intuitionistic fuzzy cube differ-
ence graphs. The results extend existing intuitionistic
fuzzy labeling studies to structured corona graph fami-
lies. The proposed framework can be further extended to
other graph products and complex networks. Future work
may explore algorithmic implementations and applications
in communication systems, decision-making models, and
uncertainty-based network analysis.
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